An inertial shaker as a vibratory system with im pact is considered. By m eans of differential equations, periodicity and m atching conditions, the theoretical solution of periodic n À 1 im pacting m otion can be obtained and the Poincar! e map is established. Dynamics of the system are studied with special attention to interaction of Hopf and period doubling bifurcations corresponding to a codimension-2 one when a pair of com plex conjugate eigenvalues crosses the unit circle and the other eigenvalue crosses À1 simultaneously for the Jacobi matrix. The four-dimensional map can be reduced to a three-dimensional normal form by the center manifold theorem and the theory of normal forms. The two-parameter unfoldings of local dynamical behavior are put forward and the singularity is investigated. It is proved that there exist curve doubling bifurcation (a torus doubling bifurcation), Hopf bifurcation of 2-2 fixed points as well as period doubling bifurcation and Hopf bifurcation of 1-1 fixed points near the critical point. Numerical results indicate that the vibro-im pact system presents com plicated and interesting curve doubling bifurcation and Hopf bifurcation as the two controlling param eters vary.
Introduction
Vibro-impact systems are often encountered in practice, for instance, in the models of hammerlike devices, rotor-casing dynamical systems, collisions of solids, ships moored at dockside, etc. Impacts give rise to non-linearity and discontinuity so that the vibro-impact system can exhibit rich and complicated dynamic behavior and it is a good testing bench for non-linear theories [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . During the past decades non-smooth dynamics of mechanical systems with impacts have
Poincare map, periodic motions and its stability
The model for one type of 2-d.o.f. vibro-impact system is shown in Fig. 1 . The mass M is connected to a linear spring with stiffness K and a damper C: The excitation on M is harmonic with amplitude F 0 : The mass M will impact mass m whenever they have the same height and a non-zero relative velocity. After impacting, m becomes a free body and moves in the field of gravity g; while M becomes a 1-d.o.f. forced oscillator. The situation lasts till the next impact.
Between impacts, the governing equations are
According to the conservation law of momentum and the definition of coefficient of restitution R; we have M '
where ' x À and ' y À represent, respectively, the approach velocities of M and m at the instant of impact. '
x þ and ' y þ represent, respectively, the departure velocities of M and m at the instant, which are given by
where m ¼ m=M:
We use new scaling x ¼ A % x; y ¼ A % y; y ¼ ot; where A ¼ F 0 =ðK ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi ð1 À g 2 Þ 2 þ ð2xgÞ 2 q Þ; and drop the bar for convenience. We put Eqs. (1) and (2) (as well as Eq. (5)) into non-dimensional forms
where g ¼ o=o n ; o n ¼ ffiffiffiffiffiffiffiffiffiffiffi ffi
The full solutions of Eqs. (6) and (7) 
Suppose y is the smallest positive root of the equation
Gðy; * x; ' * x; ' * y; * tÞ ¼ xðy; * x; ' * x; * tÞ À yðy; * x; ' * yÞ ¼ 0; ð16Þ then at the instant y; the (n þ 1)th impact happens. From Eq. (5) and the continuity of displacement of M during the impact, we obtain the state variables at y ¼ y
The following relationship is obvious:
If there is a point ðy; * x; ' * x; ' * y; * tÞ 
which satisfies Eqs. (16), (21) and (12)- (15), respectively, by x 0 ; ' x 0 ; ' y 0 ; t 0 ; we obtain a period nT motion of the system, which is periodic n À 1 impact motion, where T ¼ 2np=o:
Due to the weak dynamical coupling nature of the system, the period nT motion can easily be computed from Eqs. (16) and (25) and be represented as functions of parameters (in the case n ¼ 1; see Appendix A). The stability of the period nT motion is equivalent to that of the fixed point X 0 of map (23), the latter is determined by the matrix
If all eigenvalues of Df ðX 0 Þ lie inside of the unit circle, the fixed point is stable, so is the period nT motion. If some eigenvalues that pass the boundary of the unit circle, the fixed point X 0 loses its stability, and so does the period nT motion. In this case, bifurcation may happen. The type of the bifurcation depends not only on the degeneracy of Df ðX 0 Þ but also on high terms in f :
All entries of Df ðX 0 Þ can be computed and are represented as functions of system parameters. For example
Df ðX 0 Þ is given in Appendix B. Let DX ¼ X À X 0 ; we change Eq. (23) into
where O stands for a connected open domain containing the origin of R 4 ; and n ¼ ðn 1 ; n 2 Þ T AR
We expand the functionf n ðDX Þ as Taylor series in the variables DX and n; which takes the form
with
where n c is a critical parameter value.
Interaction of Hopf and period doubling bifurcation
We will reduce the four-dimensional maps (28) to a three-dimensional normal form by the center manifold theorem and theory of normal forms in this section. The Jacobian matrix of Eq. (28) at DX ¼ 0 reads
Take % n ¼ n À n c ; and drop the bar for convenience. We study one kind of codimension-2 bifurcation of system (1), which is characterized by the so-called Hopf-Flip degeneracy, and satisfy:
(H.1) Að0Þ ¼ Df 0 ð0Þ has a pair of complex conjugate eigenvalues l 0 ; l 0 on the unit circle, one real eigenvalues l 1 ¼ À1; and another real eigenvalue jl 2 jo1:
(H.2) Non-resonant condition l n 0 a1; n ¼ 1; 2; 3; 4; 5; 6 and l n 0 a À 1; n ¼ 4; 5: Let
be characteristic equation for matrix AðnÞ; then we have the following useful lemma [13] :
Lemma. The roots of Eq. (32) satisfy (H.1), if and only if
where a i AR ði ¼ 0; 1; 2; 3; 4; 5Þ is dependent upon parameters of the system.
We write four-dimensional map (29) as 
where
; e 020 ¼ 1 4
e 002 ¼ 1 4 Due to the properties of center manifold, the equations for W jkl ðj þ k þ l ¼ 2Þ take the following form:
It is easy to verify that all matrices ½ðÀ1Þ
The reduced map becomes
The next step is to transform (41) into its normal form. We have dropped the ''cap'' of # g jkl and # h jkl ðj þ k þ lX3Þ in Eq. (41). Rewrite Eq. (41) as
where G n is a homogeneous polynomial of degree n ðnX2Þ; i.e.,
In order to cancel the non-resonant terms in Eq. (43), we perform a base change in R Â C:
is a local diffeomorphism in a neighborhood of ð0; 0ÞAR Â C: P n has the same form as G n :Then we have the following diagram:
The idea of normal form method is to choose P ¼ P n suitably to kill all non-resonant terms, and leave all resonant ones in G n unchanged. Let us begin with n ¼ 2; and suppose
where v jkl and w jkl are unknown constants and are to be determined by equation 
Next, we drive the explicit formulae for a i ; b i ði ¼ 1; 2Þ in terms of g jkl and h jkl ðj þ k þ lp3Þ Suppose Eq. (46) (for n ¼ 2) has inverse
where E 3 ðY Þ are homogeneous polynomials of degree 3. And from Eq. (47) (for n ¼ 2)
where P 2 ðT 0 Y Þ À T 0 P 2 ðY Þ þ G 2 ðY Þ ¼ 0 and * G 2 ðY À P 2 ðY ÞÞ; * P 2 ðT 0 ðY À P 2 ðY ÞÞ þ G 2 ðY ÞÞ represent third order terms in G 2 ðY À P 2 ðY ÞÞ and in P 2 ðT 0 ðY À P 2 ðY ÞÞ þ G 2 ðY ÞÞ; respectively. From Eq. (54), we know we need only to determine the coefficients corresponding resonant terms in 
Because we are interested in curve doubling bifurcation, let us remove the azimuthal term and we obtain the planar map F m : R 2 -R 2 : Consider F 2 m which is the compound of map F m and omitting the high order terms, we obtain
We note that map (58) have four fixed points: ð0; 0Þ; ð0; yÞ; ðx; 0Þ; ðx; yÞ; which respectively correspond to trivial fixed point, invariant circle, fixed point of period two, and invariant circles of order two for three-dimensional map (57) and (a) invariant circle ð0; yÞ: y ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi Àe 2 =ðb 2 ð1 þ 2e 2 ÞÞ p ; for e 2 b 2 o0; (b) fixed point of period two ðx; 0Þ: x ¼ 7
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi e 1 =ða 1 ð1 þ 2e 1 ÞÞ p ; for e 1 a 1 > 0; (c) invariant circles of order two ðx; yÞ:
When a 1 > 0; b 2 o0; the normal form phase portrait can be easily obtained as shown in Fig. 2 . The other possible choices for the signs would give the same kind of result.
In Fig. 2 , L 1 :
Numerical simulations of Hopf-Flip interactions
In this section the analyses developed in the previous section are verified by the presentation of results for the vibro-impact system given in Fig. 1 .
We choose the first set of system parameters The Poincar! e section is taken in the form s ¼ fðx; '
x; y; ' y; yAR
y þ gÞ; and the Poincar! e map is four dimensional. So the section is projected to the ðy; ' yÞ or other planes, which are called projected Poincar! e sections. A small perturbation of the theoretical fixed point X 0 ¼ ð ' x 0 ; x 0 ; ' y 0 ; t 0 Þ T of periodic 1-1 impact orbit, obtained in Section 2, is taken as an initial point of map in the numerical analyses. As the parameter v vary near the neighborhood of (0,0), dynamic behaviors of the vibro-impact system can be computed by using Eqs. (8)- (10) and impact joint relations (5) , which are shown in the projected Poincar! e section as Fig. 3 . The vibro-impact system exhibits stable periodic 1-1 impact motion (see Fig. 3(a) ), corresponding to region (1) in Fig. 2 . Fig. 3(b) shows that the vibro-impact system exhibits unstable periodic 1-1 impact motion, corresponding to region (3) in Fig. 2 , but in this case invariant circle is not generated. Period doubling bifurcation of periodic 1-1 impact motion occurs and the system exhibits stable periodic 2-2 impact motion which is represented by two fixed points in projected Poincar! e sections as seen in Fig. 3(c) , corresponding to region (2) in Fig. 2 . The periodic 2-2 impact motion changes its stability as the control parameters vary, and Hopf bifurcation of periodic 2-2 impact motion occurs so that the system can exhibit quasi-periodic impact motion of periodic 2-2 impact points; see Fig. 3(d)-(f) , which correspond to region (4) in Fig. 2 .
We choose another set of system parameters x ¼ 0:02; R ¼ 0:6; m ¼ 0:7: g and b are taken as the control parameters.
we obtain the critical value of bifurcation parameters, the normal form coefficients and eigenvalues of Df 0 ð0Þ satisfying conditions (H.1) and (H.2) as follows: As the parameter n varies near the neighborhood of (0,0), dynamic behaviors of the vibro-impact system are shown in the projected Poincar! e section as Fig. 4 . The vibro-impact system exhibits stable periodic 1-1 impact motion (see Fig. 4(a) ), corresponding to region (1) in Fig. 2 . Fig. 4(b) shows that period doubling bifurcation of periodic 1-1 impact motion occurs, but period two fixed points are unstable, corresponding to region (2) in Fig. 2 . Hopf bifurcation of 1-1 fixed point occurs and the vibro-impact system exhibits quasi-periodic impacts motion represented by the attracting invariant circle as shown in Fig. 4(c) , corresponding to region (3) in Fig. 2 . As the control parameters vary, the invariant circle of order one loses stability and curve doubling bifurcation occurs so that the system can exhibit quasi-periodic impact motion represented by two attracting invariant circles as shown in Fig. 4(d) and (e), corresponding to region (4) in Fig. 2 .
Conclusion
In this paper, we have studied the interaction dynamics of Hopf and period doubling bifurcations of the two-degree-of-freedom vibro-impact system shown in Fig. 1 by theoretical analysis and numerical simulations. Firstly, periodic n À 1 impact motion and the fourdimensional Poincar! e map of the system are established by analytical method and the periodic motion stability is analyzed. When Jacobi matrix of the map has an eigenvalue in À1 and a pair of complex conjugate eigenvalues on the unit circle, the Poincar! e map is put into a three-dimensional normal form by using the center manifold theorem and the theory of normal form. In Section 3, we have discussed in detail the local dynamical behavior when the control parameters change near the critical point. Certainly, the method can be extended to other analogous systems. In Section 4, numerical simulations verify the theoretical solution stated and indicate that there exist curve doubling bifurcation (a torus doubling bifurcation), Hopf bifurcation of 2-2 fixed points as well as period doubling bifurcation and Hopf bifurcation of 1-1 fixed points near the critical point. 
